We study the quasinormal modes of p-form fields in spherical black holes in D-dimensions. Using the spherical symmetry of the black holes and gauge symmetry, we show the p-form field can be expressed in terms of the coexact p-form and the coexact (p − 1)-form on the sphere S D−2 . These variables allow us to find the master equations. By utilizing the S-deformation method, we explicitly show the stability of p-form fields in the spherical black hole spacetime. Moreover, using the WKB approximation, we calculate the quasinormal modes of the p-form fields in D(≤ 10)-dimensions.
I. INTRODUCTION
Black holes in general relativity are important from various perspectives. In fact, they are sources of gravitational waves, they provide a way to test general relativity in the strong gravity regime, they can be a key to quantum gravity. Before discussing these physics, we have to show the stability of black holes. In fact, the stability of black holes are often nontrivial. Historically, the stability of black holes has been studied since the seminal paper by Regge-Wheeler and Zerilli [1, 2], for example, see [3] [4] [5] . From the point of view of a unified theory such as string theory, it is natural to consider black holes in higher dimensions. Indeed, higher dimensional black holes may be created at the accelerator such as the LHC [6] . Thus, the stability analysis is also generalized to higher dimensions [7] [8] [9] [10] . In higher dimensions, however, Einstein's general relativity is not a unique possibility. Rather, Lovelock gravity is natural in higher dimensions [11, 12] . Therefore, the stability of black holes in Lovelock gravity has been studied [13] [14] [15] [16] [17] [18] . Moreover, in contrast to 4-dimensional general relativity where only scalar, electromagnetic and gravitational field can reside in the black hole spacetime, there exist p-form fields in higher dimensions. To our best knowledge, no work of p-form fields in higher dimensional black hole spacetime has been done.
The purpose of this paper is to study the stability of p-form fields in black hole spacetime and obtain quasinormal modes of p-form fields.
To study the behavior of various physical fields in spherical black holes, we must derive the master equations. For this purpose, we express a p-form field in terms of a coexact p-form and coexact (p − 1)-form on the sphere and derive the master equation for each component. If the effective potential in the master equation is positive outside event horizon of black holes, the pform field is stable [19] . However,, it turns out that the effective potential for a p-form field has a negative region for some parameters. This region may cause the instability of p-form fields in spherical black holes. Nevertheless, we succeed in proving the stability of p-form fields using the S-deformation method [8] .
Given the stability, we can calculate the quasinormal modes of p-form fields in the black hole spacetime. We use the WKB method [20] [21] [22] to calculate quasinormal modes of p-form fields in D(≤ 10)-dimensions. Since a p-form field has two components, there are two quasinormal modes, namely, one for each component. It is shown that quasinormal modes of the p-form field in D-dimensions reflect duality relations.
The organization of the paper is as follows: In Sec. II, we review the properties of p-form fields.
In particular, we count the physical degrees of freedom of a p-form filed. In Sec. III, we consider p-form fields in spherical black holes. We represent a p-form field by coexact form fields on the sphere. We also discuss spherical harmonics. In Sec. IV, we obtain the master equations for p-form field in spherical black holes in arbitrary dimensions. The master variables are a coexact p-form and a coexact (p − 1)-form on the sphere. We check their degrees of freedom match to the physical degrees of freedom of a p-form field. We also find useful duality relations for the effective potentials. It turns out that the effective potential has a negative region for some cases. In Sec.
V, therefore, we have explicitly verified the stability of the p-form field using the S-deformation technique. In Sec. VI, we also investigated the quasinormal modes of p-form fields using the WKB approximation. Sec. VII is devoted to conclusion.
II. BASICS OF p-FORM FIELDS
In this section, we introduce the action for p-form fields and explain the gauge invariance in the system. We also calculate physical degrees of freedom of a p-form field. We refer the reader to the textbook [23] for more detailed explanation of the p-forms on manifolds.
The action of the p-form field is given by
where we used the Hodge operator * . Here, D is the dimension of the spacetime. We defined the p-form field A p as follows
and the field strength F is defined by
The operator d is the exterior derivative satisfying the identity
Using the Hodge operator, we can define the coderivative δ as
Note that the coderivative also satisfies the identity
The equations of motion for the form field can be deduced as dF = 0 and δF = 0.
This system has the symmetry under the dual transformatioñ
Because of this symmetry, we do not need to consider p-form field with the rank higher than
Here, [ ] denotes the Gauss symbol. So, we concentrate on the form fields
The p-form field has the invariance under the gauge transformation
with an arbitrary (p − 1)-form field Ξ p−1 . This is because the field strength is defined by (3) . The gauge parameter Ξ p−1 itself has the degeneracy
with an arbitrary (p − 2)-form field Ξ p−2 . Hence, in order to count the physical degrees of freedom of the p-form field A p , we need to take into account these degrees generated by the transformations
Taking into account that components A 0a 2 ···ap are not dynamical, the formula for physical degrees of freedom is given by
For example, in D = 4, a 2-form field has one physical degree of freedom.
III. p-FORM FIELDS IN SPHERICAL BLACK HOLES
In this subsection, we study the decomposition of the p-form field in black hole spacetime in terms of form fields on the sphere. Then, we eliminate some components using gauge transformations. We also discuss eigenvalues of spherical harmonics for p-forms.
In general relativity, the spherical black hole is known as the Schwarzschild black hole. It is not difficult to generalize the Schwarzschild black hole to higher dimensions D > 4, and the solutions are called Schwarzschild-Tangherlini black hole [24] expressed by the metric
where f (r) is given by
and n is defined as n ≡ D −2. Here, q AB is the metric of the sphere S n and the spherical coordinate is expressed by
A. Decomposition of a p-form field in terms of coexact form fields on the sphere
We use the notationÂ p to denote a p-form field on the sphere, that is,Â p is written bŷ
where
We can write down the components of A p as follows,
If we define the components of A p as
then A p is written by
Thus, the p-form can be expressed by the one (p − 2)-formÛ p−2 , the two (p − 1)-formsV p−1 and W p−1 and the one p-formX p . The identity
guarantees the matching of degrees of of freedom.
Using the Hodge decomposition on the sphere S n , a p-form fieldÂ p can be decomposed aŝ
where we have introduced coexact formδÂ p = 0. From this decomposition theorem on the sphere, we can write down more useful expansion. In fact, for p ≥ 2, we can expressÂ p by coexact form,
This result shows that the general form field on S n is expressed by only the coexact form fields.
Thus, the arbitrary p-form field A p is given by
B. Gauge fixing of p-form field A p
The p-form field A p have the gauge invariance under the transformation by B p−1 , that is,
Now starting from the general expression for A p in D dimensions, we can deduce the following result
by using the gauge transformation for A p .
C. Spherical harmonics for coexact p-form field
We review the spherical harmonics of the p-form field following [25] . Laplace-Beltrami operator is defined by∆
The spherical harmonics of the coexact p-form fieldŶ p is defined bŷ
which satisfiesδŶ
The last equation becomesδdŶ
by using the identity (6) . Here, λ p is given by
and ℓ is a positive integer, ℓ = 1, 2, · · · , ∞. On the sphere S n , the left hand side of equation
Here, we defined∆ as∆
Then, the spectrum of the coefficient of the p-form harmonicsŶ p is
We rewrite this equation as follows∆
With the harmonicsŶ p , the coefficient of the general coexact p-form fieldÂ p can be expanded as
where σ denotes other indices to characterize the degeneracy. For simplicity, we denote A ℓ,σ (t, r) just as A.
IV. MASTER EQUATIONS FOR p-FORM FIELD
In this section, we derive the master equations for the master variable Ψ in the Schrödinger
where V is the effective potential and x is the tortoise coordinate defined by
In eq. (7), the first equation is trivially satisfied from the identity (4), and the second equation δF = 0 in the coordinate basis is expressed as follows
This equation can be decomposed into four patterns.
The first pattern we consider is
Substituting the components into the above equation, we obtain
This yields
Since we are considering p ≥ 2, and generally n > p, the quantity (ℓ + p − 2) (ℓ + 1 + n − p) is always positive. Hence, the coefficient U ℓ,σ must vanish for all ℓ, namely,
Thus, the (p − 2)-formÛ p−2 in eq. (29) is not dynamical.
The second pattern is the following:
It is easy to get
The third pattern is given by
This leads toẄ
The final pattern
generates two equations for the p − 1-form component
and
A. Master equations Now, we can derive the master equations. These general results reproduce the effective potential in eq. (15) and (16) in [26] and in eq. (99) in [27] as special cases and agree with the results in [28, 29] .
Coexact p-form
From eq.(55), we can read off the master variable for the p-form component as
Assuming the time dependence of Ψ p as
we obtain the master equation
with the effective potential V
The (p −1)-form components is contained in the eq.(50), (52) and (54), but the master equation is derived by the eq.(52) and (54). Using the master variable Ψ p−1 for the (p − 1)-form
we can deduce the master equation as
Here, we assumed the same time dependence as before. The effective potential V (n)
Note that Eq.(50) is trivially satisfied.
B. Degrees of freedom and dual relations
We have shown that D-dimensional p-form field can be represented by coexact p-form and coexact (p − 1)-form fields. The condition for coexact form δÂ p = 0 can be solved aŝ
However,B p+1 has a freedomB p+1 + δB p+2 . This argument continues up to the maximum value n. Hence, the degrees of freedom of the coexact p-form is given by
Similarly, we obtain n−1 C p−1 for the degrees of freedom of coexact (p − 1)-form. Note that the identity
exactly coincides with the physical degrees of freedom of a p-form field.
The duality plays an important role in form fields. Indeed, we found the following duality relations
In particular, in even dimensions, we have the degeneracy
Later, we will see this degeneracy in the quasinormal mode spectrum.
C. Examples of effective potentials
In 4 dimensions where n = 2, the master equation for the p = 0-form A 0 becomes
From the master equations of the p = 1-form A 1 , we see the effective potential of the coexact 1-form is
and that of coexact 0-form reads
The effective potentials for the the coexact 1-form and the coexact 0-form components in A 1 are same. Our results agree with the expression (99) in [27] . Moreover, since the coexact 2-forms on the sphere S 2 does not exist, the master equation for the p = 2-form A 2 becomes single. The effective potential of the coexact 1-form component is given by
As is expected, this effective potential is the same expression as that for the 0-form field in eq.(68).
This confirms we can consider only the form fields with the rank larger than p M .
In 5 dimensions where n = 3, the master equation for the p = 0-form A 0 becomes
We can also read off the effective potentials in the master equations for the 1-form A 1 . The effective potential of the coexact 1-form component reads
and that of the coexact 0-form component is given by
In 5-dimensions, we need not consider a 2-form field because of the duality. Here, for the check, we look at the master equation for the 2-form A 2 . The effective potentials of the coexact 2-form is given by
and that of the coexact 1-form component becomes
The effective potential (76) is the same as eq. (73), and the effective potential (75) is the same as eq.(74). These results just reflect the duality relations (65) and (66).
It is also easy to explicitly write down the master equations for the p-form fields in higher dimensions.
V. STABILITY ANALYSIS
In this section, we show the stability of the p-form field in arbitrary dimensions. The stability of p-form fields in black hole spacetime is non-trivial because the effective potential has a negative region as is shown in Fig.1 . To show the stability of the fields around the black holes, the Sdeformation method [7] [8] [9] [10] 30 ] is useful. Hence, first, we shortly review the S-deformation method.
Secondly, we show the stability of the effective potential for each component of the p-form field. Let us start with the master equation
where we defined the operator A is
and we assume the time-dependence of Ψ as
If ω 2 < 0 for the boundary conditions Ψ → 0 and dΨ/dx → 0 at x → ±∞, this solution is unstable and exponentially grows. So, if we want to show the stability, we have to show ω 2 > 0.
The S-deformation is defined by using the new operator D x as follows
Then, eq. (77) is modified as
Suppose we find the continuous function, S, which makesV > 0 for −∞ < x < ∞. Then, after integration, we have
Here, we assumed the boundary conditions Ψ → 0 and dΨ/dx → 0 at x → ±∞, that is the Ψ and dΨ/dx have a compact support, so the first term in eq.(82) vanishes. The above inequality implies the positivity of ω 2 , that is, there is no growing mode for Ψ.
In the present case, an appropriate S-deformation exists as follows
which is inspired by [17] .
Effective potential of coexact p-form
If we choose
the effective potential of the coexact p-form on the sphere becomes
This modified potential is positive definite outside the event horizon, because p satisfies p ≤ p max < n.
Effective potential of coexact (p − 1)-form
the effective potential of the coexact (p − 1)-form on the sphere becomes
This modified potential is also positive definite outside the event horizon.
From the above analysis, we see the p-form fields in arbitrary dimensions are stable in the spherical black hole even for other gravity theories as long as f satisfies the positivity f > 0 outside the horizon r > r h .
VI. QUASINORMAL MODES
We got the master equations and the effective potentials for each component of the p-form field.
In this section we present the quasinormal modes for the general form fields. The quasinormal modes are fundamental vibration modes around a black hole, and these modes are obtained by solving the master equation under the appropriate boundary conditions. The general formalism for calculating quasinormal modes by using WKB approximation has been proposed by Schutz and Will in [20] and subsequently developed by many people in [21, 22, [31] [32] [33] [34] [35] . Here, we summarize the main points of the WKB method for calculating quasinormal modes.
Firstly, we can divide the region into two regions. The region I (−∞ < x < x 0 ) is the one ranging from top of the effective potential x 0 to the horizon of the black hole. The region II (x 0 < x < ∞) is the one ranging from top of the potential x 0 to the the far outside of the black hole, i.e., infinity. The wave traveling to the potential is called in-going wave and the wave traveling from the potential is called out-going wave. In each region, the solutions of the master equation can be expressed as
where Ψ in and Ψ out represent ingoing and outgoing waves, respectively. The boundary condition for obtaining quasi-normal modes is that there is no in-going waves:
Since there are two conditions, only discrete complex eigenvalues are allowed.
In the Nth order WKB-method, we approximate the function Q (x) defined by
in terms of 2Nth order Taylor expansion around the maximum of the potential as follows;
Expressing the wave function using WKB approximation, we can calculate scattering matrix. Thus, we can get the formula for quasinormal modes as
is the kth order derivative of the potential
and the first and the second of Ω k are given by
Here, β is defined by
and β k (k ≥ 1) is defined by
The higher Ω k can be derived explicitly, but the expression of Ω k (k ≥ 3) is too long to write down here. So, we write them in Appendix. The parameter, n tone , is called tone number of quasi-normal modes. This method is often called the Nth order WKB approximation. It is known that in the case of n tone < ℓ this approximation is good. So we focus on the case n tone = 0 in this paper. Now, we show the quasinormal modes of the p-form fields up to D = 10-dimensions. In this case, we need to consider form fields up to p = 4. In this study we used the 6th order WKB method, so we need the Ω 1 , Ω 2 , · · · , Ω 5 . We choose a set of parameters, (ℓ, µ, n tone ) = (1, 1, 0) .
In Table I , we showed the quasinormal modes (QNMs) of a 2-form field. As you can see QNM of coexact 2-form component and QNM of coexact 1-form component in 6-dimensions coincide. This comes from the duality relations (65) and (66). Except for D = 8, the coexact 2-form component decays faster than coexact 1-form component. In Table II , we listed QNMs of a 3-form field. In D = 8 dimensions, we can see duality relations hold. In other dimensions, the coexact 2-form component decays faster than coexact 3-form component. In Table III , we displayed QNMs of a 4-form field. In this case, only D = 10 is relevant. Here, we see the duality relations again. In all cases, we see, as D increases, real and imaginary parts of quasinormal frequency increase.
VII. CONCLUSION
We studied the quasinormal modes of p-form fields in spherical black holes in arbitrary dimensions. Using the spherical symmetry of the black holes and gauge symmetry, we showed the p-form field can be expressed in terms of the coexact p-form and coexact (p−1)-form on the sphere. These variables allow us to find the master equations. We revealed some relations between the effective potentials in the master equations. We found the effective potential can have a negative region for some parameters. Therefore, by utilizing the S-deformation method, we explicitly showed the stability of p-form fields in the spherical black hole spacetime. Finally, using the WKB approximation, we calculated the quasinormal modes of p-form fields in D(≤ 10)-dimensions. There, we can see the degeneracy of the spectrum expected from the duality relations we found.
It is interesting to include rotations of black holes in our analysis. Recently, Lunin found the ansatz for the 1-form field in arbitrary dimensions to get the separable equations of motion [36] .
It is interesting to investigate p-form fields in higher dimensional rotational black holes. We can also consider higher spin fields in arbitrary dimensions. Resolving the above problems must have implications for string theory. We leave these problems for future work. [2] F. J. Zerilli, Phys. Rev. Lett. 24, 737 (1970) .
